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1. Introduction
In this note we use a variational argument to prove the existence of certain
“random” trajectories of a billiard ball bouncing in gravitational field oﬀ of a set
of obstacles. Henon considered the motions of a ball in gravitational field in the
plane, bouncing oﬀ of two circles, and studied the set of trajectories encoded by
their itineraries. In this note we consider the spatial case: the point mass, subject
to gravity acting along the negative z–axis, undergoes repeated collisions with an
array of obstacles, as in Figure 1. We will show that under mild assumptions any
prescribed itinerary is realizable.
The methods of hyperbolic dynamics have been highly developed, both in the
abstract setting and for the more specific application to billiards. However, since
we do not insist on the convexity of the reflecting obstacles, hyperbolic methods do
not apply; here we use a variational approach instead. Variational methods were
used on many occasions, e.g. in [1], [10], [6], [9], [5], [3], [4], [11].
It should be pointed out that the trajectories we construct are not local action–
minimizers (like they are in the Aubry–Mather theory), see Section 5.
2. Statement of the result
We consider a point mass in a gravitational field with constant acceleration g,
in the direction of the negative z–axis. When impacting a surface the particle undergoes a perfectly elastic reflection, Figure 1. We will consider a particle bouncing
oﬀ of infinite family of disjoint surfaces Σk ⊂ R3 , k ∈ Z, such as in Figure 1. We
will call these surfaces the reflectors. One can think of an array of disjoint spheres,
but we consider a much more general infinite array of reflectors satisfying the following three conditions. Loosely speaking, these conditions amount to saying that
the reflectors are like islands in a sea which satisfy three conditions: 1. bounded
height and slope; 2. suﬃciently steep beaches, and 3. none of the islands is too
isolated. More precisely, we impose the following conditions.
1. Bounded height and flatness: Each reflector Σk , k ∈ Z, is the graph of
a smooth function fk : Dk #→ R, where Dk ∈ R2 are disjoint closed
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topological disks in the plane z = 0, with smooth boundaries, satisfying
the height condition
0 ≤ fk (x, y) ≤ 1

(1)

and the bounded steepness condition
|∇fk | ≤ α

(2)

for some α > 0 independent of k and satisfying
fk |∂Dk = 0 for all k.

(3)

2. Steepness at the boundaries: There exists β > 0 such that for all k ∈ Z the
sine of the angle between the tangent plane to the graph at every boundary
point of the reflector and the horizontal exceeds β, or, equivalently, that
ez · u ≥ β on ∂Dk ,

(4)

where ez is the unit vector of the (downward) z–axis and u is the unit
vector tangent to the graph of fk and normal to the boundary level curve
{fk = 0} = ∂Dk , Figure 2.1
3. Proximity: There exists d > 0 such that for any reflector Σ there exists another reflector Σ′ which is d–close to Σ in the sense that distmax (Σ, Σ′ ) <
d.

Figure 1. A random sequence of collisions

Figure 2. Steepness near the boundary
The main result states that any bouncing itinerary is realizable, subject to
certain mild assumptions. More precisely, the following theorem holds.

|∇f |

1 Explicitly, u is the unit vector parallel to ⟨∇f, |∇f |2 ⟩
√1
⟨∇f, |∇f |2 ⟩.
2

∈

R3 ,

i.e.

u

=

1+|∇f |
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Theorem. Assume that the reflectors satisfy conditions 1-3 above. Fix any M > d,
and consider any sequence of reflectors
(5)

· · · , Σk−1 , Σk0 , Σk1 , Σk2 , · · ·

with distmax(Σki , Σki+1 ) < M . Then there exists a gravitational billiard trajectory
γ with the itinerary ( 5) in the sense that the projectile hits the reflectors in the
order given by ( 5). Moreover, such a trajectory exists for any prescribed energy E
provided that E/M > c, where c is a constant depending only on g, α, β, d.
Remark 1. The reflectors need not be congruent and need not be convex.
Remark 2. The array of the reflectors need not be periodic.
Remark 3. We prove the existence of an orbit by a variational argument,
using a minimization procedure. This may create an impression that the resulting
orbits are action–minimizers, i.e. that small perturbations of the trajectory cannot
decrease the action. In fact, this is not the case (as explained in Section 5). In
fact, the Morse index of the trajectory given by the above theorem is infinite.
This is in contrast to other examples where variational method gives local action–
minimizers, such as Mather’s orbits [6], the geodesics in Hedlund’s example [1, 4]
and the action–minimizing orbits in Arnold diﬀusion [2, 11].
Some heuristic remarks. Standard tools of hyperbolic dynamics (see, e.g., [7])
do not apply without more specific knowledge of the shape the reflectors – a knowledge we don’t possess/need. The reason for this failure is the fact that for a non
convex reflector such a “camelback” in Figure 1, the “reflection map” (which assigns the incoming tangent vector on one reflector to the incoming tangent vector
on the next reflector) can be rather wild. In other words, a certain section map in
the phase space does not have good “hyperbolic” properties.
Variational approach, on the other hand, relies only on the rather crude knowledge of the reflector’s shape and on the nice dependence of a trajectory connecting
two reflectors on the endpoints. This approach deals with the configuration space
rather than the phase space.
The phase–space–based proof, had it worked, would go along the following lines.
The set of initial data for trajectories leaving a reflector Σk is a 4–dimensional cube
Ck , represented by a square in Figure 3. One would then consider the subset V
of initial data from Ck of the trajectories that hit some other reflectors (including
Ck itself); the reflected data of the bounced oﬀ trajectories form a subset H of
initial data in a collection of 4–cubes Cj corresponding to these other reflectors.
In other words, we have a mapping from a subset of each Ck into collection of
other cubes – a standard setting for a horseshoe map (in R4 ). Had the reflectors
been convex, one could in fact prove that V and H are unions of “vertical” and
“horizontal” strips, and that the map restricted to V satisfies the Conley–Moser
cone conditions introduced in [8] (for the case of R2 ), implying the conjugacy of
the “collision map” with a subshift on a space of sequences. This would prove
the existence of trajectories for any admissible itinerary, and moreover show their
hyperbolicity. Without the convexity assumptions, however, all these statements
are unprovable. For instance, the topological conjugacy to the subshift of finite
type fails: if one of the reflectors has two suﬃciently prominent “humps”, then the
trajectory can visit the reflector by hitting either of these two humps, thus violating
the one-to-one correspondence between the itineraries and the trajectories.
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Figure 3. A schematic representation of the horseshoe in R4 .
3. Three Lemmas
The proof of the theorem relies on the following three lemmas and is given after
the statements and the proofs of these lemmas.
3.1. Lemma 1. The first lemma states that any two reflectors are connected
by a “steep” trajectory, provided that the reflectors are not too far apart and that
the energy is suﬃciently large. More precisely, we have the following.
Lemma 1. Fix M > 0 and let two reflectors Σ1 , Σ2 satisfy assumptions 1-3
and distmax(Σ1 , Σ2 ) ≤ M . Then there exists an energy threshold E0 = E0 (M, α)
such that for any E > E0 and for any pair of points σ1 ∈ Σ1 , σ2 ∈ Σ2 there
exists a parabolic trajectory γ with energy E connecting σ1 , σ2 , intersecting Σ1 , Σ2
transversally and depending continuously on the endpoints σ1 , σ2 . Moreover, the
tangent vectors to γ at σ1 , σ2 can be made arbitrarily close to vertical by choosing
suﬃciently large energy E: given any ε > 0 there exists E1 = E1 (M, ε) such that
the downward tangent vectors Ti (Figure 4) at the endpoints satisfy
(6)

∠(Ti , ez ) < ε, i = 1, 2.

Figure 4. Lemma 1.
Remark 4. The trajectory given by this lemma is not action–minimizing;
rather, its Morse index is 1, as explained in [4], page 178, Figure 5. Briefly, this
follows from the fact that there exists a point σ ∗ ∈ γ which is conjugate to σ1 –
namely, σ ∗ is the point of tangency of γ with the “safety dome” paraboloid (the
latter being the envelope of trajectories of the same energy emanating from σ1 ).
More on this is stated in Section 5.
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Proof of Lemma 1. Rather than using an explicit solution, we choose a more
conceptual proof. We start by picking any two points σi = (xi , yi , zi ), i = 1, 2, with
|σ2 − σ1 | ≤ M , and with 0 ≤ zi ≤ 1. Figure 5 shows the set Wv0 (T ) consisting
of all positions at time T of projectiles launched at time t = 0 from point σ1 with
initial speed v0 . The idea of the proof is to show that as the front Wv0 (T ) expands
(as time T grows, with the speed v0 fixed), it will cross σ2 , provided we choose
v0 suﬃciently large. Note that Wv0 (T ) is a sphere of radius R = v0 T centered at

Figure 5. The front Wv0 (T ) is a sphere.
z = −gT 2 /2, Figure 5. This shows that for
T0 =

2v0
g

(the time it takes a projectile launched vertically upwards to return to σ1 ), the
sphere Wv0 (T0 ) contains the launch point σ1 , Figure 6. Moreover, if v0 is large, then
the radius R = v0 T0 is large, and thus the patch S(T ) = Wv0 (T ) ∩ Bσ1 (M ) is well
approximated by the horizontal plane through σ1 , for all T satisfying |T − T0 | ≤ 1,
Figure 6. Moreover, S(T ) has normal speed O(T ) (as T changes) for |T − T0 | ≤ 1;
and since σ2 lies in Bσ1 (M ) with both σ1 , σ2 lying in the strip 0 ≤ z ≤ 1, this
implies that for some T ′ = T0 + O(T0−1 ) the surface Wv0 (T ′ ) contains σ2 , thus
proving the existence of the desired trajectory. And the flight from σ1 to σ2 is
unobstructed by any other reflector. Indeed,
(i) the trajectory is arbitrarily steep in 0 ≤ z ≤ 1 if E is suﬃciently large;
(ii) reflectors are not too steep by the assumption (2); and
(iii) the disks Dk over which the reflectors lie are disjoint, and the boundaries
of the reflectors lie on the same level (z = 0) by (3).
Now (i)–(iii) imply that the parabolic flight from σ1 to σ2 does not intersect any
reflectors during the flight.
To show that this trajectory depends √
smoothly on the endpoints, we note that
it is a geodesic in the Jacobi metric dρ = E − mgz ds (where ds is the arc length
element), and that the point σ2 is not conjugate to σ1 . The non–conjugacy is
seen from the fact that the set of points conjugate to σ1 is the “safety paraboloid”
(written here with σ1 taken as the origin)
zc = H −

gT ′ 2
x2 + y 2
, H=
.
4H
2
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Figure 6. “Wave fronts” emanating from σ1 ; one of these fronts
crosses σ2 .
For large H (caused by large E), conjugate points to σ1 are high up for x2 +y 2 < M 2 ,
and since z2 − z1 is bounded, σ2 is not conjugate to σ1 .
It remains to prove the estimate (6). The horizontal velocity of our trajectory
is less than the horizontal distance divided by the time, i.e. vhorizontal < M/T ′ ,
small for T ′ large (and T is large for large E). On the other hand,
!
2
2
+ vvertical
v0 = vhorizontal
is large, implying that vvertical is large; this explains (6), and completes the proof
of Lemma 1.
♦
There is a simple compass and straightedge-type construction of the parabolic
trajectory connecting σ1 and σ2 .

Figure 7. Mapping from the velocity sphere to the point on the
wave front.
Here is this construction. The magnitude of the velocity v0 is determined by
mv 2 /2 + mgz1 = E (where z1 is the vertical coordinate of σ1 ) and we have (only)
the freedom to vary the direction of v0 , hoping to hit σ2 . We thus have a mapping
ϕ which takes a point v0 on the velocity sphere |v0 | = 2(E − mgz1 ) to the point
x(T ′ , v0 ). Referring to Figure 7, this mapping can be viewed geometrically: the
desired image of v0 is simply the point on the sphere Wv0 (T ′ ) whose radius is
parallel to the vector v0 . This is a consequence of the fact that in the free-falling
reference frame, the motion of the particle has constant velocity v0 ; the center of
the sphere in Figure 7 is simply the origin of the falling frame which starts at t = 0,
at the moment of launch.
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Therefore, in order to hit the point σ2 from point σ1 , we simply choose the
vector v0 parallel to the radius O ′ σ2 of the sphere Wv0 (T ′ ) that connects its center
O ′ with the point σ2 belonging to this sphere. The projectile emanated from point
σ1 with the initial velocity v0 will describe the sought parabolic trajectory γ that
intersects transversally (according to Lemma 1) both the surfaces Σ1 and Σ2 at the
points σ1 and σ2 , respectively. This geometric construction shows, once again, that
the trajectory γ depends smoothly on its endpoints σ1 and σ2 .
3.2. Lemma 2. Before stating the second lemma, we fix M > d, α and β
as in (2) and (4), and make an additional assumption that sin α > β. We also
fix E > E0 , where E0 is the energy threshold given by Lemma 1. For two points
σ1 ∈ Σ1 , σ2 ∈ Σ2 we define the action A(σ1 , σ2 ) as the length of the trajectory
γ(σ1 , σ2 ) in the Jacobi metric:
"
#
v dℓ, v = 2(E − mgz),
(7)
A(σ1 , σ2 ) =
γ(σ1 ,σ2 )

where dℓ is an element of Euclidean length; for E suﬃciently large there are two
trajectories connecting σ1 , σ2 ; we choose the one with the higher maximum.2 The
positive sign in (7) is due to the fact that z–axis points downwards.
Lemma 2. Fix M > 0, and let Σ− , Σ, and Σ+ be three reflectors satisfying ( 2)
and ( 4) such that dist (Σ− , Σ) ≤ M , dist (Σ, Σ+ ) ≤ M . Consider the action
(8)

L(σ) = A(σ− , σ) + A(σ, σ+ ),

where we treat σ± ∈ Σ± as fixed, and σ ∈ Σ as variable. Then, in the assumptions
of Lemma 1 and the preceding paragraph, L attains a minimum at σ = σmin in the
interior of Σ; moreover, every minimizer σmin is bounded away from the boundary
∂Σ by a constant δ > 0 which depends only on M , α, β and E but not on σ− , σ+ .3
Proof of Lemma 2. As a continuous function on the compact set Σ, the action L
achieves a minimum on Σ; to show that the minimum is interior, we will show that
the outward directional derivative on ∂Σ is positive. We need an expression for the
directional derivative of L. First, let u be a unit tangent vector to Σ at any point
σ (not necessarily on the boundary yet). We note that the directional derivative of
the action is given by
Du A(σ, σ+ ) = vT+ · u,
#
where v = 2(E − mgz) is the speed of the particle at σ, and where T+ is the
unit tangent vector at σ to the trajectory γ(σ, σ+ ), as shown in Figure 8 (by our
convention the tangents to γ(σ, σ+ ) at the ends of the trajectory are “outward”,
i.e. they point away from the other end). Diﬀerentiating the sum of actions (8)
along u we obtain
(9)

(10)

(9)
Du L(σ) = v (T− + T+ ) · u.

Now, according to Lemma 1, there exists E0 such that for all E ≥ E0 we have
∠(T± , e) ≤ β, where e = −ez ,

2 In fact, this trajectory is not a minimizer of the action, but rather a saddle; its Morse index
is 1, see [4].
3 However, δ may depend on the choice of Σ , Σ, Σ .
−
+
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Figure 8. Proof of Lemma 2.
and thus
$
T± = e + β,

(11)

where β$ denotes a vector whose absolute value is less than β. Assume finally that
σ ∈ ∂Σ, so that (4) holds. Substituting (11) into (10), we obtain
(4)
$ · u ≥ v(2β − 2β)
$ > 0.
Du L(σ) = v(2e + 2β)

We showed that the minimum of L is not on ∂Σ, i.e. it is achieved in the interior of
Σ. To see that the minimum is uniformly bounded away from ∂Σ, we simply have
to repeat the proof with β replaced by β/2 in (11). This completes the proof of
Lemma 2.
♦
3.3. Lemma 3.
Lemma 3. If σmin ∈ Σ is an interior minimum of L, then γ(σ− , σ) ∪ γ(σ, σ+ )
is a true billiard trajectory from σ− to σ+ via σ.
Proof of Lemma 3. According to (10) we have
%
Du L(σ)%σ=σmin = v(T− + T+ ) · u = 0.

for any u ∈ Tσ Σ. But this is precisely the statement of the collision law. This
completes the proof of Lemma 3.
♦
4. Proof of the Theorem
Step 1 (the finite part). Consider any sequence of reflectors subject to the assumptions of the Theorem:
(12)

. . . , Σ−1 , Σ0 , Σ1 , . . .

We first show that for any finite segment
Σ−n , . . . , Σ0 , . . . , Σn
there exists a billiard trajectory which collides with the reflectors in the order
listed. Fixing the first and the last points σ±n ∈ Σ±n , we consider the function of
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the intermediate points:
(13)

L(σ−n+1 , . . . , σn−1 ) =

n−1
&

A(σk , σk+1 )

k=−n

defined on the direct product Σ−n+1 ×. . .×Σn−1 . This function attains its minimum
(which exists by compactness) in the interior of its domain, as follows from Lemma
2. By the same Lemma, the points σk of this minimizer are bounded away from
the boundary of each Σk by some δk > 0. By Lemma 3, this minimizer – the union
of 2n + 1 parabolas – is a true billiard trajectory undergoing 2n − 1 reflections.

Step 2 (constructing an infinite sequence). We will construct the infinite trajectory
by a diagonal process. We begin by fixing an infinite pseudo–orbit {σk } with
σk ∈ Σk . With this orbit fixed, we now vary it: for an integer n, let us now make
σk with |k| ≤ n variable. According to the preceding step, there exists an interior
minimum of the action (13) with the finite number of variables; let us denote this
minimizer by
(14)

n
n
n
n
, σ−n+2
, . . . , σ0n , . . . , σn−2
, σn−1
, σn , . . .);
µn = (. . . , σ−n , σ−n+1

we thus minimized only over the entries with |k| < n, fixing the others. To reiterate,
we constructed a sequence of pseudo–orbits (corresponding to n = 1, 2, . . .)
(15)

µ1 = (. . . , σ−3 , σ−2 , σ−1 , σ01 , σ1 , σ2 , σ3 , . . .)

(16)

2
, σ02 , σ12 , σ2 , σ3 , . . .)
µ2 = (. . . , σ−3 , σ−2 , σ−1

(17)

3
3
µ3 = (. . . , σ−3 , σ−2
, σ−1
, σ03 , σ13 , σ23 , σ3 , . . .)

with longer and longer “true cores”. We would have liked to show that the sequence
(18)

µ 1 , µ 2 , . . . , µn , . . .

of these pseudo–orbits converges coordinate-wise to the true billiard trajectory.
This is not generally the case, but we will extract a subsequence that does converge
to the true infinite billiard trajectory.
Let us extract a subsequence of (18) for which the k = 0 coordinate converges;
denote this subsequence by
µ11 , µ12 , µ13 , . . . .
From this subsequence, in turn, we extract a subsequence for which the coordinates
with |k| < 2 converge, denoting it by
µ21 , µ22 , µ23 , . . . .

Proceeding in this way we obtain an infinite table

(19)

µ11 , µ12 , µ13 ,
µ21 , µ22 , µ23 ,
µ31 , µ32 , µ33 ,
... ... ... ...

...
...
...
...

where each row is a subsequence of the preceding one, and where in the kth row
each coordinate with |n| < k converges.
For the diagonal sequence µnn every single coordinate converges.
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Denote the limiting sequence by
∞
µ∞ = (. . . , σ−1
, σ0∞ , σ1∞ , . . .) .

It remains to show that this sequence corresponds to a billiard trajectory.
Indeed, in our construction the function
n
n
Lnk (σ) = A(σk−1
, σ) + A(σ, σk+1
)

(k < n)

converges as n → ∞ to the function

∞
∞
L∞
k (σ) = A(σk−1 , σ) + A(σ, σk+1 ).

But Lnk (σ) has a minimum at σ = σkn ; and since the derivatives of Lnk are bounded
(according to Lemma 2), we conclude that σk∞ = limn→∞ σkn is a critical point of
L∞
k . This shows that µ∞ gives a true billiard trajectory and completes the proof
of Theorem 1.
♦
5. Local versus global minimizers
We constructed a trajectory with a prescribed itinerary by minimizing the
discretized action (7). This may create an impression that the trajectory is a local
minimizer, i.e. that its Maupertuis length is no greater than that of any of its
small perturbations. This, however, is not the case, as we now show. The key is
that the trajectory given by Lemma 1 – the steep parabola connecting two given
points σ1 and σ2 – is not the minimizer of the Maupertuis length, but rather a
saddle point with Morse index 1, as explained in the remark after Lemma 1. In
fact, one can show that the Morse index of every trajectory given by our theorem is
infinite. This follows from the fact that there are infinitely many intervals between
collisions, and that one can make action–decreasing perturbations on each such
interval independently of one another.
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