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“Therefore geometry is … nothing but that part of universal mechanics 

which accurately proposes and demonstrates the art of measuring”


 

 Newton, Principia

 
 
“…what is perfectly accurate is called geometrical ; what is less so, is called mechanical.”
 
 
 
Kapitsa:
It is natural that no mechanical system has been the object of so much attention and compre- hensive theoretical study as various forms of the pendulum 
motion. One would think that in the course of 300 years since the time of Galilei this problem must have been settled and that, if anything of the sort 
remained to be studied, then it should have the character of improving results found earlier. But, obviously, insufficient attention was paid to the type of 
pendulum motion to which the present article is devoted, and so one very peculiar and in- teresting form of the pendulum oscillations remained almost 
completely un- investigated.
 



The Stephenson-Kapitsa effect



How to coordinatize different Mt in a consistent and meaninfgul (whatever

it means) way?

Even multiple pendula have been stabilized in experiments (Acheson and

Mullin, Nature, 1993).
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The Stephenson-Kapitsa effect 



A geometrical explanation
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Figure 1: A geometrical explanation of the stabilization e↵ect for the simple pendulum.

The standard approach: write the ODE

l✓̈ + (�g + a(t,!)) sin ✓ = 0 where a = v̇; (1)

use the normal form calculation to arrive at the averaged autonomous equation
(deleting higher order terms):

l'̈� g sin'+
v2

l
sin' cos' = 0. (2)

A geometrical idea, instead: Imagine constraining the velocity u to be aligned with the rod.
There arises a centrifugal force straining against the constraint:

Fcentrif = mku2

With k = l�1 tan ✓ and u = v cos ✓ (the rod’s length is fixed) this

Fcentrif = ku2 =
v2

l
sin ✓ cos ✓.

This is exactly the term in (2)!

Geometry behind Kapitsa’s e↵ect. Figure 1 shows an inverted pendulum (a weightless rod
with a point mass at the end) whose pivot P is vibrated in the vertical direction with a small
amplitude but with great acceleration. The point mass is subject to great force due to violent
acceleration of the pivot; this force is directed along the rod. So if, as a thought experiment, we
constrain the velocity of the point mass to the direction of the rod, we will not interfere with this
large force. On the other hand, the mass thus constrained will oscillate along an arc of a pursuit
curve (the tractrix), as illustrated in Figure 1. Therefore, the mass will exert a centrifugal force
upon the constraining tractrix; this force , averaged over the period of oscillation of the pivot, is
(taking m = 1)

ku2 = kv2 +O(✓2), (3)

where k = k(✓) is the curvature of the tractrix at (say) the midpoint of its arc. The presence of
this centrifugal force shows that the pendulum, if constrained as described, will strain against this
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Figure 1: A geometrical explanation of the stabilization e↵ect for the simple pendulum.

The standard approach: write the ODE

l✓̈ + (�g + a(t,!)) sin ✓ = 0 where a = v̇; (1)

use the normal form calculation to arrive at the averaged autonomous equation
(deleting higher order terms):

l'̈� g sin'+
v2

l
sin' cos' = 0. (2)

Note that although the average a = 0, there is a contribution.

A geometrical idea, instead: Imagine constraining the velocity u to be aligned with the rod.
There arises a centrifugal force straining against the constraint:

Fcentrif = mku2

With k = l�1 tan ✓ and u = v cos ✓ (the rod’s length is fixed) this gives

Fcentrif = ku2 =
v2

l
sin ✓ cos ✓,

whose average is exactly the last term in (2)!
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How to coordinatize different Mt in a consistent and meaninfgul (whatever
it means) way?

Even multiple pendula have been stabilized in experiments (Acheson and
Mullin, Nature, 1993).

Let M⌧ = M⌧+1, and assume the “amplitude” of vibration is O(").

Theorem(King-L) Consider a “geodesic” (i.e. a free particle) q(t) on Mt/"

and the corresponding base point q0(t) on M0. To the leading order in ",
q0 behaves as a geodesic on M0 with the additional force kv2N , where k

is the curvature of the normal curve at q0, v is the normal velocity of the
manifold and N is the principal normal vector to the normal curve.
Furthermore,

kv
2
N = rT

v
2

2
,

and thus the “shadow” q0(t) behaves as an free particle subject to the po-
tential force of the potential �v

2
/2.

This shows that the fastest moving parts of the manifold are attracting.

Open question: stabilization of upside-down molasses.

Normal coordinates vs. the traditional choice.

Paul trap
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Theorem If the downward acceleration of the pivot exceeds free fall then

there exists an infinite sequence of disjoint open L-intervals clustering

at L = 0 for which the pendulum is stable.

For L 2 the gaps, strong stability is lost.

1

A topological explanation of stability



Mathematical Morsels

Mark Levi
Department of Mathematics

Pennsylvania State University
levi@math.psu.edu

June 24, 2024

Proof: Every M 2 SL(2,R) has a unique polar decomposition:
M = PR, where P = P

T
> 0 and R 2 SO(2).

The set of such P is topologically R2; the set of rotations is the circle S1.

1

Take any time-periodic potential U(x, ⌧) = U(x, ⌧ + 1), U : Rn ⇥ R ! R.

particle in a rapidly oscillating potential field obeys

ẍ = �Ux(x, t/")

Theorem [Cox-L] There exists a transformation X = x+ "
2
�(x, ẋ, t, ")

such that the “guiding center” X behaves as a particle in a time-independent

potential subject to a Lorenz-like magnetic-like force:

Ẍ = �U
0
(X)� "

2
W

0(X) + "
3
B(X)Ẋ| {z }

“magnetic00

+O("4),

where
0
is the gradient w.r.t. X, U is the time-average of U ,

W : Rn ! R is given in terms of U and

B = B(X) is an antisymmetric matrix given in terms of U .

Remark 1: The “magnetic” force is linear in velocity.

Remark 2: X is built out of x AND ẋ. It is impossible to “squeeze out”

the

time-dependence without ẋ. Contact - type transformations form too nar-

row a class.

Example 1 : U(x, t/") =
p
r cos 2(✓ � t/"). Guiding center obeys

Ẍ = "
2
↵

X

|X|3| {z }
Coulomb

� "
3
�
JẊ

|X|3| {z }
Lorentz

(↵ = 17/64, � = �13/32).

Example 2: U(x, t) is the saddle x
2�y

2
rotating with the angular velocity

1/". Then

Ẍ = �"
2
X| {z }

attracting

+ "
3
JẊ| {z }

“magnetic00

+O("4).

Topologically, SL(2,R) is the interior of the open solid torus, i.e. R2⇥S.
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Ẍ = "
2
↵

X

|X|3| {z }
Coulomb

� "
3
�
JẊ
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Example 2: U(x, t) is the saddle x
2�y

2
rotating with the angular velocity

1/". Then

Ẍ = �"
2
X| {z }

attracting

+ "
3
JẊ| {z }

“magnetic00

+O("4).

Topologically, SL(2,R) is the interior of the open solid torus, i.e. R2⇥S.

Moreover, elliptic regions “obstruct” the torus.

Proof: PR⇡/2 is elliptic for any P = P
T
> 0.

2

A quick background on SL(2,R)
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Theorem If the downward acceleration of the pivot exceeds free fall then

there exists an infinite sequence of disjoint open L-intervals clustering

at L = 0 for which the pendulum is stable.

For L 2 the gaps, strong stability is lost.

1

A topological explanation of stability-cont’d
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Theorem If the downward acceleration of the pivot exceeds free fall then

there exists an infinite sequence of disjoint open L-intervals clustering

at L = 0 for which the pendulum is stable.

For L 2 the gaps, strong stability is lost.

Idea of the proof.

x(T ) = F (T )x(0) = P (T )Rot(T )x(0)

where P = P
T

> 0. As the pendulum’s length L # 0, argx(T ) ! 1.

Hence the angle of Rot(T ) ! 1 (Keller-Maslov index). Thus X(T ) enters

and leaves elliptic regions infinitely many times as L # 0 since these regions

obstruct the torus. }

1



Figure 2: .

constraint, trying to become vertical. This leads to a cautious guess that, for the pendulum to be

stable in the upside–down position, the stabilizing centrifugal force (3) must exceed the destabilizing

gravitational force:

kv2 > g sin ✓.

For ✓ small, the curvature of the tractrix k = ✓/l + O(✓2), where l is the length of the pendulum;
substituting this into the above heuristic criterion, dividing by ✓ and taking ✓ ! 0 results in

v2

l
> g. (4)

In fact, this turns out to be correct answer, as the rigorous argument (taking a few pages) shows,
[?].

The standard approach to this problem is to write the linearized equation for the deviation ✓
from the top equilibrium:

l✓̈ + (�g + a(t))✓ = 0, (5)

and to verify that for a(t,!) = !A(!t), A periodic and ! large, the associated Floquet matrix F
satisfies the stability condition

|tr F | < 2. (6)

It is remarkable that (6) is precisely equivalent to (4). This “coincidence” is a symptom of a
previously hidden role of geometry in averaging theory. Some recent progress in exploring this
connection will be outlined in this brief survey.

0.1 Curvature of the tractrix in averaged Hill’s equations.

The geometrical observation just discussed leads to the following observation: curvature of the

tractrix shows up in averaging Hill’s equation

ẍ+ q(t, ")x = 0, hqi = 0 (7)

with q(t, ") = "↵A(t/"), where ↵ > �2 and A(⌧ + 1) = A(⌧) and where we take hAi = 0.
Indeed, according to the above observation and Theorem 5 below the truncated averaged system

is
Ẍ + hv2iX = 0, (8)

where  = k0(0), k(x) = curvature of the tractrix generated by unit segments (` = 1).

4

A related phenomenon:

In the alternating focusing and defocusing of “equal strengths” the focusing wins – just like with
the alternating stability and instability stability wins.

4

A related optical effect



Rotating saddle trap as Foucault’s pendulum.
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Abstract

One of the many surprising results found in the mechanics of rotating sys-
tems is the stabilization of a particle in a rapidly rotating planar saddle po-
tential. Besides the counterintuitive stabilization, an unexpected precessional
motion is observed. In this note we show that this precession is due to a
Coriolis–like force caused by the rotation of the potential. To our knowledge
this is the first example where such force arises in an inertial reference frame.
We also propose an idea of a simple mechanical demonstration of this effect.

Introduction.

According to Earnshaw’s theorem an electrostatic potential cannot have stable equi-
libria, i.e. minima, since such potentials are harmonic functions. The theorem does
not apply, however, if the potential depends on time; in fact, the 1989 Nobel Prize
in physics was awarded to W. Paul [1] for his invention of the trap for suspending
charged particles in an oscillating electric field. Paul’s idea was to stabilize the sad-
dle by “vibrating” the electrostatic field, by analogy with the so–called Stephenson-
Kapitsa pendulum [2, 3, 4, 5, 6] in which the upside–down equilibrium is stabilized
by vibration of the pivot. Instead of vibration, the saddle can also be stabilized
by rotation of the potential (in two dimensions); this has been known for nearly a
century: as early as 1918, L.E.J. Brouwer (1881–1966), one of the authors of the
fixed point theorem in topology, considered stability of a heavy particle on a rotat-
ing slippery surface, [7, 8, 9]. Brouwer derived the equations of motion in [7, 8];

r

-r

Figure 1: A unit mass on a saddle [7, 8, 9].

the derivation took over 3 pages. He then linearized the equations by discarding

1

Figure 4: (A): S is a reflection followed by a rotation. (B). Another interpretation
of the rotating saddle: rotating the potential with angular velocity ω
amounts to rotating each arrow of the vector field ⟨x,−y⟩ with angular
velocity 2ω.

A “spinning arrows” interpretation of rotating saddle. Note that S(ωt) is
a composition of the reflection with respect to the x–axis and the counterclockwise
rotation through angle 2ωt, Figure 4(A). Therefore, for a fixed x and increasing t,
the vector S(ωt)x rotates counterclockwise with angular velocity 2ω. This leads
to the following nice geometrical interpretation of the governing equations (1)–(2).
The force field −S(ωt)x in our equations (2) can be thought of in the following
way, Figure 4(B). Starting with the stationary saddle vector field ⟨x,−y⟩, we rotate
each arrow of this field with angular velocity 2ω counterclockwise; the result is our
time–dependent vector field −∇U(x, t) = −S(ωt)x.

Applications, connections to other systems.

Before getting to the point of this note, we mention that equations (1) arise in
numerous applications across many seemingly unrelated branches of classical and
modern physics [11, 13, 14, 15]; here is a partial list. They describe stability of
a mass mounted on a non-circular weightless rotating shaft subject to a constant
axial compression force [16, 17], in plasma physics they appear in the modeling
of a stellatron – a high-current betatron with stellarator fields used for accelerating
electron beams in helical quadrupole magnetic fields [10, 13, 18]. In quantum optics,
equations (1) originate in the theory of rotating radio-frequency ion traps [12]. In
celestial mechanics the rotating saddle equations describe linear stability of the
triangular Lagrange libration points L4 and L5 in the restricted circular three-body
problem [19, 20, 21]. In atomic physics the stable Lagrange points were produced in
the Schrödinger-Lorentz atomic electron problem by applying a circularly polarized
microwave field rotating in synchrony with an electron wave packet in a Rydberg
atom [21]. This has led to a first observation of a non–dispersing Bohr wave packet
localized near the Lagrange point while circling the atomic nucleus indefinitely [22].
Recently, the rotating saddle equations (1) reappeared in the study of confinement
of massless Dirac particles, e.g. electrons in graphene [23]. Interestingly, stability of
a rotating flow of a perfectly conducting ideal fluid in an azimuthal magnetic field
possesses a mechanical analogy with the stability of Lagrange triangular equilibria
and, consequently, with the gyroscopic stabilization on a rotating saddle [24].

5

unlike x, is not a “material particle” but rather a mixture of position and
velocity.

Remark 1 It is tempting to study the system in the rotating frame (as had
been done, [8, 10]), since in such a frame the equations become autonomous.
The problem with this approach is that solutions such as those shown in
Figure 2 move rapidly relative to the rapidly rotating frame and thus the
region in the phase space they occupy grows with ω = ε−1. In fact, in the
rotating frame one can write down explicit solutions ([1, 2, 3, 7, 17, 18]), but
this hides the Coriolis effect.

Figure 2: A typical trajectory x; its “guiding center” u; their superposition.

Figure 3: The “Coriolis” effect is one order in ε higher than the stabilizing
effect: here ε = 0.2 versus ε = 0.5 in Figure 2.

Theorem 1 was announced in an expository article [14], but without the
derivation, and more importantly without an explanation of how it was ar-
rived at, and without the mention of an obstruction that (for us) stood in
the way of obtaining this result (Theorem 2 in the next section).
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Stabilization by rotation 



Animation:



Ponderomotive magnetism

Take any time-periodic potential U(x, ⌧) = U(x, ⌧ + 1), U : Rn ⇥ R ! R.

particle in a rapidly oscillating potential field obeys

ẍ = �Ux(x, t/")

Theorem [Cox-L] There exists a transformation X = x+ "
2
�(x, ẋ, t, ")

such that the “guiding center” X behaves as a particle in a time-independent

potential subject to a Lorenz-like magnetic-like force:

Ẍ = �U
0
(X)� "

2
W

0(X) + "
3
B(X)Ẋ| {z }

“magnetic00

+O("4),

where
0
is the gradient w.r.t. X, U is the time-average of U ,

W : Rn ! R is given in terms of U and

B = B(X) is an antisymmetric matrix given in terms of U .

Note: X is built out of x AND ẋ. It is impossible to “squeeze out” the

time-dependence without ẋ. Contact - type transformations form too nar-

row a class.
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True solution x (red) follows the blue “guiding center” X:



Two examples
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time-dependence without ẋ. Contact - type transformations form too nar-

row a class.

Example 1 : U(x, t/") =
p
r cos 2(✓ � t/"). Guiding center obeys
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JẊ

|X|3| {z }
Lorentz

(↵ = 17/64, � = �13/32).

Example 2: U(x, t) is the saddle x
2�y

2
rotating with the angular velocity

1/". Then
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Figure 2: A typical trajectory x; its “guiding center” u; their superposition.

Figure 3: The “Coriolis” effect is one order in ε higher than the stabilizing
effect: here ε = 0.2 versus ε = 0.5 in Figure 2.

Theorem 1 was announced in an expository article [14], but without the
derivation, and more importantly without an explanation of how it was ar-
rived at, and without the mention of an obstruction that (for us) stood in
the way of obtaining this result (Theorem 2 in the next section).
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Remarks



What is the cumulative effect of this force? One can show, using standard results
of perturbation theory, that neglecting the O(ε4)–term causes the deviation less than
c1ε3 over the time |t| < c2ε−2 for some constants c1, c2, for all ε sufficiently small.
As it often happens with rigorous results, this one is overly pessimistic: computer
simulations show that “sufficiently small” is actually not that small: for example,
ε = 0.45 in Figure 6. In fact, the reason for such an unexpectedly good agreement is
the fact that the error on the right–hand side is actually O(ε6) – two orders better
than claimed, as follows from an explicit computation by Michael Berry, [30]. We
do not focus on the analysis of higher powers of ε because it would only add higher–

order corrections to the coefficients on the left–hand side of (12), without affecting
our main point (namely, that an unexpected Coriolis–like force appears).5

Figure 8: A possible mechanical realization of the rotating saddle trap. Here x, y
are the angular variables, and the graph of the potential energy in terms
of the angular variables x, y is shown.

A proposed experiment.

Figure 8 illustrates a possible mechanical implementation of the rotating saddle trap
(cf. [16, 17]). As we had mentioned in the introduction, a ball rolling on the rotating
saddle surface [11] is not the right physical realization of the rotating saddle trap
because (i) the friction is very hard to eliminate, and, perhaps more importantly,
because the rolling ball does not behave as a sliding particle. In fact, the rolling
ball can be stable even on top of a sphere rotating around its vertical diameter [31]!

A light rod with a massive ball in Figure 8 is essentially an inverted spherical
pendulum; the sharpened end of the rod, resting on the center of the platform, acts
as a ball joint with the horizontal plane. The springs are attached to the rod.6 The

5According to M. Berry’s computation [30] based on explicit solution of (1), replacing the
coefficient ε2/4 in (13) by

ε2

4

(

1 +
3
16

ε4 +
11
128

ε8 + · · ·
)

= −
(1−

√
1− ε2)(1−

√
1 + ε2)

ε2
, (20)

and replacing the coefficient ε3/4 by

ε3

4

(

1 +
5
16

ε4 +
21
128

ε8 + · · ·
)

=
2
ε
−

√
1− ε2 +

√
1 + ε2

ε
. (21)

yields the equation for the exact guiding center (the expression for which is then given by (10)
which includes higher order terms).

6Theoretically, we want to avoid transferring the rotation of the platform to the rotation of
the rod around its long axis (thereby affecting its dynamics), and thus the attachment should,
theoretically, be via some frictionless sleeve. In practice, however, this frictionless sleeve will
hardly make a difference: the moment of inertia of the rod+ball around the long axis is negligible
compared to the moment of inertia relative to a diameter of the platform, and thus the dynamics
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height of the ball is adjustable, like in a metronome. If the ball is placed sufficiently
low then the two springs will stabilize the pendulum in the x–direction, Figure 8(B),7

and the potential acquires a saddle shape (since the y–direction is unstable):

U0(x, y) =
1

2
(ax2 − by2), (22)

with a, b > 0, ignoring higher powers of x, y. Here b = g/L, where L is the distance
from the ball to the sharpened end of the rod. In the next paragraph we suggest
a simple way to adjust L to make the two curvatures equal: a = b, so that the
linearized equations become

ẍ+ bS(Ωt)x = 0, b =
g

L
(23)

a rescaled version of (1). By rescaling the physical time t to the non–dimensional
time τ =

√
at, and introducing

ω = Ω/
√
a, (24)

we transform the above equation into the non–dimensional form (1) (after renaming
τ back to t), which is stable if ω > 1 [7, 15, 17]. Now a = b = g/L, where L is the
distance from the mass to the ball joint, and (24) gives us the length

L = g

(

ω

Ω

)2

. (25)

The 78 rpm of a vinyl record player corresponds to Ω ≈ 8.2sec−1, and the value
ω ≈ 2.2 referred to in Figure 2 corresponds to the height L ≈ 71 cm. How short
can we make the pendulum without losing stability? The cutoff length is L ≈
14 cm, as follows from (25) and the fact that (1) is stable if and only if ω > 1.
Incidentally, large L corresponds to large ω, according to (25) (for fixed rpm). This
makes intuitive sense, since a “natural” unit of time in our system is the period
2π

√

L/g of the oscillations along the stable axis of the stationary potential; for
large L this period is long, and during it the rotating potential will spin many
times, corresponding to large ω.

Figure 9: How to find the length for which the curvatures of the saddle are equal
and opposite: Uxx(0, 0) = −Uyy(0, 0): find by trial and error the height
Hc at which the x–direction changes stability, and half Hc.

How to (easily) realize the saddle with equal principal curvatures. It
may seem (as it did to us initially) that one needs to measure the stiffnesses of the

of the rod will be little affected by its axial rotation.
7here x and y are angular variables.
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SADDLE POTENTIAL – STABILIZED BY ROTATION

First studied by Brouwer (an author of the Bohl-Brouwer fixed point theo-
rem).

The saddle, e.g. U(x, y) = x2 − y2, is rotated with angular velocity ω.

Incidentally, rotating this saddle potential amounts to rotating the vector
of force at −2ω.

If ω is large, the motions become stable.

Equations of motion:

Theorem (with Oleg Kirillov): The “guiding center”

A general theorem, with Graham Cox:

where W is a

Magnetic–like effects arise in other contexts. For example, a tight binary,
viewed as a single point mass, is subject to a magnetic–like force (our recent
work with Graham Cox).

3
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SADDLE POTENTIAL – STABILIZED BY ROTATION

First studied by Brouwer (an author of the Bohl-Brouwer fixed point theo-
rem).

The saddle, e.g. U(x, y) = x2 − y2, is rotated with angular velocity ω.

Incidentally, rotating this saddle potential amounts to rotating the vector
of force at −2ω.

If ω is large, the motions become stable.

Equations of motion:

Theorem (with Oleg Kirillov): The “guiding center”

A general theorem, with Graham Cox:

where W is a

This “magnetic” force causes the Kepler ellipses to precess:

3



GAUSSIAN CURVATURE AND GYROSCOPES 3

Figure 3. The main result: The Gaussian curvature K is the magnitude of the
“magnetic field” and the axial angular momentum L is the “charge.”
The force in (1) is then the same as the Lorentz force on a particle of
charge L (up to the direction).

Remark 2. We arrived at the spinning disk problem through the following series of associations. In
analyzing the dynamics of a tight binary orbiting a larger star we were led naturally to a simplified
problem: a dumbbell, such as a pair of tethered satellites, spinning and orbiting a gravitational
center (this work is to appear elsewhere). This in turn led us to consider a “geodesic dumbbell”:
two point masses constrained to a surface and a fixed small geodesic distance apart. An interesting
effect in all of these problems is the appearance of a “magnetic” force due to the spin. (Incidentally,
such a “magnetic” force appears also for a single point mass if the force field itself is spinning, as
pointed out in [?]). The spinning disk considered here is a simplification of the geodesic dumbbell,
chosen to demonstrate the magnetic effect with a minimum of technicalities.

2. Results

We now formulate the main result of the paper—the equations of motion of the spinning disk
on a curved surface. In order to state the result we first write the kinetic energy of the disk in a
special coordinate system, then interpret geometrically the resulting Euler–Lagrange equations.

2.1. Classical formulation. Let (x1, x2) be a local rectangular coordinate system on the surface,
so that the lines {x1 = const.} are orthogonal to the lines {x2 = const.}. We take these coordinates
to be right-handed with respect to a chosen orientation of the surface. The metric ds2 on the
surface is then given by

ds2 = a11dx
2
1 + a22dx

2
2. (2)

Let x = (x1, x2) denote the coordinates of the disk’s center.
The rotational part of the kinetic energy of the disk is 1

2 (Iω,ω), where I is the tensor of inertia
of the disk around its center of mass and ω is the angular velocity. Decomposing the latter along
the axial direction and the rest, we obtain the total kinetic energy (rotational plus translational)
as

E =
1

2
Iaω

2
a +

1

2
Idω

2
d +

1

2
mv2, (3)

where ωa and ωd are the scalar values of the two projections of ω (axial and along a diameter),
m is the mass of the disk, and v is the speed of the center of the disk: v2 = ⟨Aẋ, ẋ⟩, where
A = diag(a11, a22). It follows that a non-spinning1 disk has kinetic energy

T =
1

2
Idω

2
d +

1

2
mv2, (4)

1I.e. ωa = 0. Geometrically this means any material radius-vector of the disk undergoes parallel transport along
the curve x(t).

Gaussian curvature and the gyroscopes

Theorem [Cox-L]. Spinning disk constrained to be tangent to the surface

and sliding with speed v is subject to the gyroscopic Lorentz-like force

orthogonal to the velocity:

F = L|{z}
q

K|{z}
B

v|{z}
v

,

where L = I! is the angular momentum playing the role of charge and the

Gaussian curvature K playing the role of magnetic field orthogonal to the

surface.

For such trajectories

kgeodesic = �K, � = const.
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GAUSSIAN CURVATURE AND GYROSCOPES 5

2.3. An application to the Lagrange top. We now describe more explicitly the role of Gaussian
curvature in the dynamics of the Lagrange top.

The configuration space SO(3) can be parametrized by Euler angles, which we denote by x1, x2
and ✓, as shown in Figure 4 (thus breaking with the tradition of using Greek letters exclusively).
Here (x1, x2) are the coordinates of the point of intersection of the axle with a sphere, and ✓ is the
angle between the parallel on the sphere through P and a vector u rigidly attached to the top and
normal to the top’s axle. The kinetic energy is

Etop =
1

2
I1(ẋ

2

1 + ẋ22 sin
2 x1) +

1

2
I3(✓̇ + ẋ2 cosx1)

2, (10)

where I3 is the moment of inertia about the top’s axle, and I1 is the moment of inertia about any
perpendicular axis. The first term in (10) coincides with the expression for the kinetic energy of a
point mass m on the sphere of radius R, namely 1

2
mR2(ẋ2

1
+ ẋ2

2
sin2 x1), provided

mR2 = I1. (11)

This still leaves some freedom in choosing m and R. We use this freedom by insisting that the
potential energy (which we excluded so far) of our point mass equal the potential energy of the top:
mgR cosx1 = Mg` cosx1, where M denotes the top’s mass, and ` the distance from the origin to
the top’s center of mass. This and (11) fixes R and m:

R =
I1
M`

, m =
M2`2

I1
. (12)

To summarize, to any Lagrange top we assign a radius R and a point mass m, so the kinetic energy
of the top becomes

Etop =
1

2
mv2 +

1

2
I3!

2

a. (13)

This is precisely the form of (7) with Ia = I3. That is, the Lagrange top turns out to be an exact
incarnation of the “small, rapidly spinning disk” moving on a sphere of radius R, as given by (12).
According to Theorem 1, the point at which the axle punctures the sphere behaves as if it were
subject to a Lorentz force of magnitude LvK, where L is the axial angular momentum and where
K = 1/R2 is the Gaussian curvature of the sphere.

x1

x2

P

u

u

Parallel to tangent
plane at P

Figure 4. Euler’s angles: x1 = ⇡/2� latitude; x2 = ⇡/2� longitude; and ✓ = the
angle of a chosen vector u with the parallel {x1 = const.}.

2.4. Intrinsic formulation. The equations of motion (5) depend on local coordinates, which
tends to obscure their geometric nature. On the other hand, the simplified forms (6) and (9),
while geometrically transparent, are only valid in a particular coordinate system at a single point.
We address this concern by writing the equations of motion in an invariant manner, retaining the
special assumption of a small, rapidly-spinning disk.

Open problem. To conclude we point out that no geometrical explanation of ponderomotive
magnetism is available at present, and that it would be of great interest to find such an explanation.
It perhaps should be mentioned that a geometrical explanation of “magnetism” is available in a
di↵erent problem with analogous flavor: the motion of a spinning disk constrained to be tangent to
a surface. In that problem, the tangency point of the disk with the surface behaves as if it were a
charged particle sliding on the surface and subject to the Lorentz force in the magnetic field equal
to Gaussian curvature of the surface, and with the particle’s charge equal to the disk’s angular
momentum around its axis. Further details on this problem can be found in [?].
Main result, Cox-L, [CPAM, 2018]:

The rotation of the disk around its axis produces an additional force acting on the center of the
disk, perpendicular to its velocity, of magnitude

F = LK v;

here L = I! is the axial angular momentum (the “charge”), K is the Gaussian curvature (the
“magnetic field”), and v is the speed.

Geodesic curvature of such trajectories, in the absence of other forces, is proportional to the Gaus-
sian curvature:

kgeodesic = �K,

where � = L/v = const.

An application: the Lagrange top:

Any Lagrange top can be replaced by an equivalent spinning disk tangent to a sphere. The axial
moment of inertia of the disk Ia = I3 is the same as the top’s. The radius of the sphere and the
mass m of the disk are given by

R =
I1
M`

, m =
M2`2

I1

where M is the mass of the top, ` is the distance of the top’s center of mass to the ball joint, I1 = I2
are the other two moments of inertia of the top.

This observation simplifies the standard treatment of the Lagrange top, e.g. in Goldstein or Arnold.

The Gaussian curvature of the sphere: R�2 is hidden in all the standard treatments of the Lagrange
top.
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5.1. The gravitational Hamiltonian. Inserting (
SVgravSVgrav
47) and (

VpgravVpgrav
48) into (

H6H6
43), we find the averaged

Hamiltonian

H6 =
1

2
p2 +

2

r
+

ϵ

2r3
+

117

64

ϵ4

r8
−

171

32

ϵ5

r10

(

y
−x

)

· p (49) H6grav

(should actually be evaluated at (x6, p6)).

6. The Lagrange top and Gaussian curvature.

7. Abstract.

Lagrange’s top is an axisymmetric rigid body in gravity with one point on the axis fixed
goldstein
[?].

Equivalently, the top can be thought of as a particle on the sphere (located at the intersection of
the symmetry axis with the sphere) subject to gravity and to magnetic force; this observation is
probably not new. We point out an interesting connection with differential geometry: this magnetic
field is given in terms of the Gaussian curvature of the sphere. This is not a superficial coincidence
and is a reflection of a deeper connection: we show that for the generalization of the top, namely for
a spinning massive disk constrained to be tangent to any smooth surface, the disk’s center behaves
precisely as a particle constrained to the surface and subject to the additional magnetic force given
in terms of the Gaussian curvature (more precisely, it is the product of the Gaussian curvature and
the angular momentum of the disk around its axis). We give a heuristic explanation of this effect,
a proof in the classical differential geometric way and also in a coordinate–free way. The latter
provides an (apparently new) variational derivation of the equations of motion of Lagrange’s top,
as a special case.

8. A spinning disk tangent to the surface

The conventional spinning top, Figure
fig:diskfig:disk
1, is a disk mounted on an axle whose end is fixed at a

point. Equivalently, this system can be thought of as a disk (with mass) constrained to be tangent
to a sphere at the disk’s center. More generally, consider a disk constrained to be tangent to a given
surface in R3. The goal of this section is to show that the disk behaves as a particle constrained to
the surface and subject to a magnetic force directly proportional to the Gaussian curvature of the
surface and to the axial component of the angular velocity of the disk.

Figure 1. (a): A spinning top viewed as a disk tangent to the sphere; (b) a disk
tangent to a torus. The axle CO is constrained to the plane ABC; the
torus is generated by rotating the circle with radius CO in the plane
ABC around the axis AB.fig:disk

The rotational part of the kinetic energy of the disk (we omit gravity, since considering it adds
no new insights) is 1

2(Iω,ω), where I is the tensor of inertia of the disk around its center of mass
and ω is the angular velocity. Decomposing the latter along the axial direction and the rest, we
obtain the total energy (rotational plus translational) as

E =
1

2
Iaω

2
a +

1

2
Idω

2
d +

1

2
mv2, (50) eq:Edisk
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against the tangency constraint (this can be seen from (26)), and the surface reacts with an equal
and opposite torque, which can be considered to be due to the torque of two forces, Fa and Fb,
applied by the surface to the disk, as in Figure 8(a). The torque of these forces points into the
page in Figure 8(b). Figure 8(b) explains the key point: the sum of these reaction forces points to

d↵ = 2 ds

2

Figure 9. The origin of the “magnetic” force. (a) The torque ⌧ which the surface
exerts upon the disk can be equivalently represented by the torque of two
forces at an infinitesimal distance ds; the result (30) does not depend
on ds. (b) Computing Fdeflection.

the left in the figure, i.e. is normal to v. This is precisely the “magnetic force” mentioned earlier.
We now compute the magnitude of this force, referring to the magnified view of Figure 9(b). We

have
Fdeflection = F d↵ = F 2 ds, (29)

where 2 is the curvature of curve 2 in Figure 8. But

F ds = ⌧
(28)

= Lv1.

Substituting this into (29) gives

Fdeflection = Lv12 = LvK, (30)

which agrees with Figure 3 and coincides with the general formula derived in Sections 3 and 5.
As an example, for the cylinder or for the cone we have Fdeflection = 0. In general the sign of K

a↵ects the direction (“left” or “right” of v) of the deflection force.

Figure 10. The velocity v points along the straight line on a ruled surface of
negative curvature. In (b), v points into the page.

Special case #2: v points along a straight line on a ruled surface of negative curvature.

When v points along a straight geodesic (Figure 10), the disk’s plane undergoes instantaneous
rotation around the diameter aligned with this geodesic (in addition to the axial spin). The resulting

A heuristic explanation

With the velocity v pointing in the principal direction 1, the disk’s plane rotates around the
diameter tangent to line 2. The angular velocity of this rotation: !diam = v1, where 1 is the
principal curvature in the direction 1. Consequently, the disk, whose axial angular momentum is
L, exerts the gyroscopic torque

⌧ = L!diam = Lv1

against the tangency constraint. The torque’s vector points out of the page, tangent to line 1.
The surface reacts with an equal and opposite torque, which can be considered to be due to the
torque of two forces, Fa and Fb, applied by the surface to the disk. The torque of these forces
points into the page.
The sum of these reaction forces points to the left in the figure, i.e. is normal to v. This is precisely
the “magnetic force” mentioned in the theorem.
To explain why Fdeflection = LK v we first observe:

Fdeflection = F d↵ = F 2 ds,

where 2 is the curvature of curve 2. But

F ds = ⌧ = Lv1.

Substituting this into the previous expression gives

Fdeflection = Lv12 = LvK,

as claimed.
As an example, for the cylinder or for the cone we have Fdeflection = 0. In general the sign of K

a↵ects the direction (“left” or “right” of v) of the deflection force.

Figure 11: The vector v is tangent to a line of principal curvature. The torque upon the disk is
equivalent to the torque of a couple Fa,Fb exerted upon the disk at two points a small
distance ds apart.
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Geodesics on vibrating manifolds

and compound pendula

Theorem [Cox-L]. Spinning disk constrained to be tangent to the surface

and sliding with speed v is subject to the gyroscopic Lorentz-like force

orthogonal to the velocity:

F = L|{z}
q

K|{z}
B

v|{z}
v

,

where L = I! is the angular momentum playing the role of charge and the

Gaussian curvature K playing the role of magnetic field orthogonal to the

surface.

For such trajectories

kgeodesic = �K, � = const.

Example: A double pendulum.

Configuration space is T2
parametrized by the angles ('1,'2).

This T2
is naturally embedded in R4 = {z1, z2}. The torus is “carved out”

of R4
by the two constraints on rod lengths:

|z1 � p(t)| = L1, |z2 � z1| = L2,

where p(t) 2 R2
is the position of the pivot.

If the pivot p(t) vibrates, so does our 2-torus Mt ⇢ R4
(M for “manifold”).

A general question of independent interest: How does “vibration” of

a manifold Mt ⇢ Rm
) affect geodesic motion?

Let Rm
be endowed with a metric hMv, vi.

Definition. Let Mt be a one-parameter family of submanifolds of Rm
, of

dimension n < m. A normal curve z(t) is defined by the conditions

• z(t) 2 Mt for all t

• ż(t) ? Mt for all t (? is in the sense of the metric M).
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Geodesics on vibrating manifolds

How to coordinatize different Mt in a consistent and meaninfgul (whatever
it means) way?

Even multiple pendula have been stabilized in experiments (Acheson and
Mullin, Nature, 1993).

Let M⌧ = M⌧+1, and assume the “amplitude” of vibration is O(").

Theorem(King-L) Consider a “geodesic” (i.e. a free particle) q(t) on Mt/"

and the corresponding base point q0(t) on M0. To the leading order in ",
q0 behaves as a geodesic on M0 with the additional force kv2N , where k

is the curvature of the normal curve at q0, v is the normal velocity of the
manifold and N is the principal normal vector to the normal curve.
Furthermore,

kv
2
N = rT

v
2

2
,

and thus the “shadow” q0(t) behaves as an free particle subject to the po-
tential force of the potential �v

2
/2.

This shows that the fastest moving parts of the manifold are attracting.

Open question: stabilization of upside-down molasses.

4

How to coordinatize different Mt in a consistent and meaninfgul (whatever
it means) way?

Even multiple pendula have been stabilized in experiments (Acheson and
Mullin, Nature, 1993).

Let M⌧ = M⌧+1, and assume the “amplitude” of vibration is O(").

Theorem(King-L) Consider a “geodesic” (i.e. a free particle) q(t) on Mt/"

and the corresponding base point q0(t) on M0. To the leading order in ",
q0 behaves as a geodesic on M0 with the additional force kv2N , where k

is the curvature of the normal curve at q0, v is the normal velocity of the
manifold and N is the principal normal vector to the normal curve.
Furthermore,

kv
2
N = rT

v
2

2
,

and thus the “shadow” q0(t) behaves as an free particle subject to the po-
tential force of the potential �v

2
/2.

This shows that the fastest moving parts of the manifold are attracting.

Open question: stabilization of upside-down molasses.

4

How to coordinatize different Mt in a consistent and meaninfgul (whatever
it means) way?

Even multiple pendula have been stabilized in experiments (Acheson and
Mullin, Nature, 1993).

Let M⌧ = M⌧+1, and assume the “amplitude” of vibration is O(").

Theorem(King-L) Consider a “geodesic” (i.e. a free particle) q(t) on Mt/"

and the corresponding base point q0(t) on M0. To the leading order in ",
q0 behaves as a geodesic on M0 with the additional force kv2N , where k

is the curvature of the normal curve at q0, v is the normal velocity of the
manifold and N is the principal normal vector to the normal curve.
Furthermore,

kv
2
N = rT

v
2

2
,

and thus the “shadow” q0(t) behaves as an free particle subject to the po-
tential force of the potential �v

2
/2.

This shows that the fastest moving parts of the manifold are attracting.

Open question: stabilization of upside-down molasses.

Normal coordinates vs. the traditional choice.

4





How to coordinatize different Mt in a consistent and meaninfgul (whatever
it means) way?

Even multiple pendula have been stabilized in experiments (Acheson and
Mullin, Nature, 1993).

Let M⌧ = M⌧+1, and assume the “amplitude” of vibration is O(").

Theorem(King-L) Consider a “geodesic” (i.e. a free particle) q(t) on Mt/"

and the corresponding base point q0(t) on M0. To the leading order in ",
q0 behaves as a geodesic on M0 with the additional force kv2N , where k

is the curvature of the normal curve at q0, v is the normal velocity of the
manifold and N is the principal normal vector to the normal curve.
Furthermore,

kv
2
N = rT

v
2

2
,

and thus the “shadow” q0(t) behaves as an free particle subject to the po-
tential force of the potential �v

2
/2.

This shows that the fastest moving parts of the manifold are attracting.

Open question: stabilization of upside-down molasses.

Normal coordinates vs. the traditional choice.

Paul trap

Other items:

• A bike track connection

• Berry’s phase

• Stokes phenomenon
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